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ABSTRACT

The spectral distribution of the thermal noilse
within a microwave cavity equipped with an external
feedback loop has been calculated and measured. An
equivalent electrical model 1is established from
which the noise spectral density can be calculated
at any port in the system. The effect of the gain
and phase of the loop on the spectral distribution
is measured with a spectrum analyzer through an
heterodyne technique. Comparison with theoretical
calculations shows good agreement. Preliminary
meaurements of the short term frequency stability
of the system when operated as a microwave cavity-
oscillator show a predominant flicker frequency
noise. The F.M. noise close to carrier is measu-
red and related to time domaln measurements.

INTRODUCTION

The quality factor, Q, of a microwave cavity can
be varied easily over a wide range 1if it is equip-
ped with an external feedback loop having a varila-
ble gain and a variable total phase shift (1). The
Q factor can be reduced or increased and the system
becomes an oscillator when its value reaches infi-
nity. Microwave cavities using such artificially
enhanced Q factor are encountered in atomic fre-
quency standard technology where small size devices
are built using this approach (2). With this type
of standards, it has been observed through frequen-
cy stability measurements that the effect of ther-
mal nolse within the cavity varies greatly with the
parameters of the external loop (3). We present in
this paper a theoretical evaluation of the spectral
distribution of this thermal noise for various
operating conditions and compare the calculated
results to measured data. We give also preliminary
results on the study of frequency stability and
F.M. noise for this type of system when operated as
a cavity-oscillator.

THERMAL NOISE

Radio—electrical model

The considered microwave cavity and its feedback
loop (or the microwave cavity-~oscillator) can be
represented schematically through Fig. 1. Power is
coupled in and out of the cavity with coupling
coefficient B, and B, respectively. The external
loop consists of a commercial low noise GaAs FET
amplifier, a variable attenuator, a variable phase
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shifter and two 1isolators, one at each end of the
loop. The output signal is observed through an
A.M. heterodyne receiver. 1In this set up discrete
elements are used in order to evaluate separately
their contribution to the behavior of the whole
system.

A radio-electrical model equivalent to the cavi-
ty and its loop is given in Fig. 2. We consider in
this relatively simple model only the nolse sources
E. from the cavity (black body radiation), E; and
E, from the dummy loads of the isolators, E; from
the low noise amplifier and E,. from the receiver.
The Yi's represent the phase shifts between the
loop elements at frequency f0 and the other sym-
bols have the usual meanings.

In order to find an expression for the power
spectral density of the load voltage, we first
evaluate the transfer functions of each independent
noise source, which are assumed of thermal nature.
We find that the cavity Q and resonant frequency
are modified in the following manner:

%

Q% = l+31+62-2c¢8182cos¢
and
GYByB
£ = fo(1 + —g=2 siay), &N

where Q, is the unloaded cavity Q, G is the total

loop voltage gain and ¢ is the total loop phase
shift, which are:

G = G,G,G, and ¥ = i;ﬁlq,i + Y-

The power spectral density delivered to the load is
defined as:

S, (£)
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P, () = ——Z“;-—.

The complete calculation gives:
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where T, and T_ are the equivalent noise tempe-
ratures of the receiver and the low noise amplifier
respectively, 81> 9, and ec are the thermodynamic
temperatures of the isolator 1, 2 and the cavity
respectively, and A is:

Eq. (2) gives the spectral distribution of the
noise at the output of a receiver "looking” at a
system “cavity + feedback loop”. The first term is
the contribution from the receiver while the second
term represents the contribution of the noisy ele-
ments within the loop.

Experimental measurements

The power spectral distribution of the thermal
noise generated within the system for various total
loop gain and phase shift is measured directly with
a spectrum analyser (AIL 757) at the I.F. frequency
(30 MHz) of a low noise heterodyne A.M. receiver.
The loop gain, G(a,p), and the loop phase shift,

¥(a,b), are manually changed through the use of
micrometer variable attenuator (setting a) and
phase shifter (setting p). Calibration of the

indicator settings is done with a network analyzer
(HP 8410). Figs 3 and 4 give the resulting varia-
tions of the loop gain and phase for the two para-
meters a and p respectively. It is observed that
these do not provide independent control of the
gain and phase, but the information of Figs 3 and 4
allows their precise determination for any settings
of a and p.

Fig. 5a gives the noise power spectral density
for various attenuator settings (loop gain) while
the phase shifter setting was maintained at a fixed
value (total phase shift close to zero). It is
observed that the curves are almost symmetrical
around the resonant frequency of the cavity (6.835
GHz). The height increases rapidly with the loop
gain while the noise floor stays at the same level.
If the 1loop gain 1is increased to a value higher
than the maximum one indicated on the figure, the
system starts to oscillate. The output power grows
until the gain of the amplifier compresses and the
total loop gain equals the logses in the cavity and
its coupling elements. The frequency at which the
maximum occurs varies slightly because the total
phase shift of the loop changes with the attenuator
setting as shown in Fig. 3 (see Eq. (1)).

If the attenuator setting 1is maintained at a
fixed value (a = 2.79) and the phase shifter set-
ting is varied, the noise power spectral density
varies as shown on Fig. 5b. In this figure the
loop phase shift varies from = 0° to 180°. At ¢ =
0° (p = 5.98) the curve 5 corresponds to curve 1 of
Fig. 5a. For y = 180° (p = 3.60) the noise spec-—
tral distribution is reduced symmetrically around
the resonant frequency Qfo = 6.835 GHz) of the
cavity. For the other phase settings the distribu-
tions are not symmetrical and a hump appears at a
frequency offset from f . It was shown experi-
mentally that oscillation condition can be reached
for a phase shifter setting different from p = 5.98
if the loop gain is sufficiently high.

Theoretical calculations

Theoretical evaluation of Eq. (2) has been per-
formed for various parameter settings of the system
studied. The values of the fixed parameters are
given in Table 1.

Table 1 - Microwave cavity and feedback loop

parameters
k = Boltzmann constant: 1.381 x 10~23 J/K
Bo = input coupling coefficient: 0.25
B8y = output coupling coefficient: 0.25
Q = unloaded cavity quality factor: 25000
f° = cavity resonant frequency: 6.835 GHz
G, = amplifier voltage gain: 17.48 (24.8dB)
GS = power sgsplitter voltage gain: 0.668 (- 3.5dB)
Ggp = receiver voltage gain: 573.5 (55.24dB)
T, = amplifier equivalent noise temperature: 190K
Tp = receiver equivalent noise temperature: 254K
8, = thermodynamic temperature of isolator 1: 290K

thermodynamic temperature of isolator 2: 290K
thermodynamic temperature of the cavity: 290K

@
W

For each experimental curve of Figs 5a and 5b, we
need to evaluate the "real” gain and phase of the
loop. Curve 1 of Fig. 5a has been taken at a set-~
ting which gives the most symmetrical spectrum we
could get; the loop phase shift is then 0°. The
associated loop gain is adjusted to give the same
peak level than curve 1 of Fig. 5a, and is found to
be 9.45 dB. From the calibration curves, we get:
G = 12 dB and Y = 37.5°. The loop gain and phase
for the other curves will then be obtained
straightly by taking off 2.55 dB from the "calibra-
ted" gain and 37.5° from the phase. These repre-
sent constant losses and phase shifts associated
with the cavity coupling elements. The resulting
values, and the corresponding plot are shown in
Figs 6a and 6b.

We observe a good agreement between the theore-
tical calculdations and experimental data and notice
that, even if the curves are not taken at "round”
values of loop gain and phase, the calibration used
allows an effective evaluation of these variables.

We have shown through a thorough experimental
study that Eq. (2) expresses properly the power
spectral density of the thermal nolse generated in
a microwave system consisting of a cavity and a
feedback loop to enhance the cavity Q factor. We
now look at some aspects of the frequency stability
characterization of this system operated as a cavi-
ty-oscillator.

FREQUENCY STABILITY

Time domain measurement

The r.f. spectrum of a highly stable oscillator
is simply related, under certain conditions, to the
spectral density of its phase fluctuations, S¢(f)
or its short term frequency stability (4). 'The
short term frequency stability is expressed by the
two sample variance of the mean fractional frequen-—
cy fluctuations over an averaging time T, °y (0,
(often called Allan variance).

We have measured the frequency stability of a
microwave cavity-oscillator as considered in the
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previous section by beating its output signal to
the signal of a rubidium 87 maser and counting the
beat signal generated in a A.M. heterodyne receiver
(6). The beat frequency was set at 200 kHz and the
signal bandpass filtered. The results of the mea-
surement are shown in Fig. 7 as the two sample
standard deviation, for various averaging times.
This curve shows that:

o?(t) =3 x 10-18¢° for 10~%s < 1 <1 s

and €))

oX(1) =3 x10720¢t2 for 1 s < 1 <100 s.

The first type of frequency instabilities (1°) is
referred to as flicker of frequency nolse while the
second one (t+2) is related to frequency drift.

In order to crosscheck the wvalidity of these
results we have measured also the frequency stabi-
lity in the frequency domain.

Frequency domain measurement

The frequency stability is characterized in the
frequency domain by the spectral density of the
fractional frequency fluctuations, S_(f) (5). We
have measured this spectral density through the
method of tight phase locking a reference oscilla-
tor (7-8). The result obtained for the frequency
range of 1 Hz to 256 Hz is given in Fig. 8. We
observe clearly a flicker of frequency noise ex—
pressed as:

Sy(f) = 4 x 10~18f~1 for 6 Hz <£<256 Hz. (4)

If we utilize the translation relation defined in
(5), we find that this contribution should give, in
a time domain measurement, an Allan variance of
2.7 x 10~187° which effectively confirm the result
given in the previous section.

The results obtained in the frequency domain
measurement indicate that the phase noise spectral
density should be:

£2
= -2
S 4(£) 2 Sy(£)

= 2 x 102¢-3 for 6 Hz < £ < 256 Hz. (5)

This behavior is encountered in the study of micro-
wave feedback oscillator using FET amplifiers (9)
and is 1likely to be generated in the amplifier
itself.

CONCLUSION and DISCUSSION

We have established a formalism that allows the
computation of the thermal noise generated in a
system consisting of a microwave cavity equipped
with an external feedback loop. We have proved the
validity of the model by a thorough experimental
study, so the effect of any parameter changes can
be predicted with accuracy. This approach can be
applied to other types of feedback oscillators.

A measurement set up used to characterize the
short term frequency stability of atomic frequency

standards has been adapted to study the system
operated as a microwave cavity-oscillator. The
frequency stability exhibits a t° dependency for
time domain measurement or a flicker of frequency
noise, -1 dependency, for the spectral density of
the fractionnal frequency fluctuations (F.M. noi-
se). More measurements are needed in order to
fully characterize the behavior of this system as a
microwave oscillator.
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Figure 1 =~ Schematic diagram of a microwave cavity equipped with an external feedback loop.
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Figure 2 - Radio-electrical model of the cavity and its feedback loop.
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TWO SAMPLE STANDARD DEVIATION

SPECTRAL DENSITY OF FRACTIONAL FREQUENCY FLUCTUATIONS
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Figure 7 ~ Measurement of short term frequency stability of a cavity-oscilla-

tor:

a) time domain measurement: Allan variance;

b) frequency domain measurement: spectral density of the fractio-
nal frequency fluctuations.
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